Coupled constitutive equations for assessing mechanical
effects of Internal Swelling Reactions

Equacdes constitutivas acopladas para avaliacao dos efeitos mecanicos
das reacdes expansivas de origem interna do betdo

Abstract

Internal swelling reactions (/SR) in concrete can have significant
impact on the long-term behaviour of massive concrete structures.
This communication presents the foundations of a constitutive
model developed within the framework of the finite-element
method. In order to reach, in further step, a correct quantification
of the visible crack patterns, we first develop a set of evolutive
constitutive equations based on Larive’s law and taking into account
the main couplings that affect /SR in structures: chemical extent,
available moisture, past and present temperature, and creep.

First, the aim of this modelling framework is presented by setting the
set of constitutive equations and identifying material parameters on
the base of observable data. Then we describe the evolution equation
governing the chemical expansion. The third part focuses on coupling
with various phenomena. Finally, we propose perspectives about
material damage and cracking in concrete.
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Resumo

As reagdes expansivas de origem interna do betdo podem ter um
impacto significativo no comportamento a longo prazo de estruturas
macicas de betdo. Esta comunicagdo apresenta os fundamentos de
um modelo constitutivo, desenvolvido no ambito do método dos
elementos finitos. Para se conseguir, numa etapa posterior, uma
adequada interpretagdo dos padrdes de fendilhagdo superficial,
desenvolveram-se equagdes constitutivas evolutivas, com base na
lei de Larive, tendo em consideragdo os principais acoplamentos
que afetam as reagdes expansivas nas estruturas: afinidade quimica,
humidade, temperatura e fluéncia.

Em primeiro lugar, a abordagem de modelacdo é apresentada
através de um conjunto de equagbes constitutivas, identificando
0s parametros materiais com base em dados da observacdo. Em
seguida, apresenta-se a equacdo de evolugdo quimica da expansdo.
A terceira parte diz respeito ao acoplamento dos varios fenomenos.
Finalmente, fazem-se propostas relativas ao dano e a fendilhagéo
do beto.

Palavras-chave: Equagbes constitutivas / Acoplamento / Modelo numérico /

/ ldentificagdo de parametros
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1  Scope and motivation

The structural behaviour analysis of structures affected by internal
swelling reactions (ISR) as well as the prediction of their future
behaviour and the assessment to their lifespan requests the use
of numerical models. These models need to be precisely fitted to
be relevant, which is often difficult to achieve because information
about concrete or construction conditions can be scarce or missing
in the case of old structures. The only trustable information is often
those directly observed in situ: crack patterns or physical quantities
collected from monitoring systems. This information is essential in
the adjustment of the model to each case study conditions and the
model should be able to simulate, in the most realistic way possible,
the different phenomena involved.

Two kind of /SR pathologies are considered: the Alkali-Silica
Reaction (ASR) and the Delayed Ettringite Formation (DEF). While
for the former, the chemical reaction happens between alkalis in
the cement paste and the reactive silica aggregates, the latter is
caused by the formation of ettringite in concrete when subjected
to high temperature during cement hydration, and later exposed
on to moisture. In both cases, the hardened concrete expands
progressively which can potentially lead to cracking and structural
disorders, to mention a few. It is then of major importance to build
numerical tools that can simulate these expanding mechanisms
and their consequences on the structural serviceability. For both
phenomena, it is unanimously admitted that /SR develops when
concrete is at high humidity above a certain threshold, or in contact
with water.

Extensive research has been conducted so farto model the expansions
caused by ASR [1-5]. Later on, models have been developed for DEF
as well, see for example [6-8]. From the mathematical point of view,
the models are mostly based on phenomenological approaches
formulated in terms of internal variables that can be deployed
to feed constitutive relations and evolution laws that must be
integrated in a sound way within boundary-value problems that, in
a last step, must be solved numerically for the response of concrete
structures. This constitutes a good compromise between efficiency
and representativity of the complex concrete behaviour.

The SR expansionisin general characterized by twoimportant factors:
amplitude, and kinetics. Both are in turn dependent on the humidity
level, and on temperature. Hence, by nature, the complete problem
at hand is a coupled one thermo-hydro-mechanics. Moreover, other
phenomena must be accounted for, e.g., creep, damage, plasticity.
In this contribution, details on the creep modelling are given through
viscoelastic strain-like internal variables. The plasticity formulation is
nowadays classical and is not described for the sake of clarity.

2 General framework for constitutive
equation
21 Kinematics

Within the continuum, the kinematical choice made in such
developments is based on the additive split of the total strain
tensor € into an elastic part € and complementary parts, each one
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corresponding to a specific phenomenon. we assume that the total
strain is the sum:

e=g 4l 4 10 4 04 ) ()

where €7 and € are respectively the temperature-induced strain
and the hygric-induced strain, ¥ is the free chemical strain, €© is
the basic creep strain and €® s the plastic strain.

If 6, is defined as the reference temperature and 0 as an arbitrary
temperature, the thermal strains caused by a change in temperature
of an unconstrained isotropic volume are given by:

) =k (6-0,)1 @)

where k_is the coefficient of thermal expansion. Here and in all what
follows, 1 denotes the second-order identity tensor. Following the
same logic, the volumetric strain due to a change in the degree of
saturation g is given by:

S(H) =k (SR —5Sko )1 (3)

with S, is the reference degree of saturation, S, is an arbitrary value
of the degree of saturation and k; is the linear coefficient of hygric
expansion. The concrete shrinkage/swelling can easily be expressed
in terms of relative humidity too, rather than in terms of degree of
saturation.

More complex relationships can be found in the literature for the
drying of concrete and for the expression of k. and k.. However, a
linear relationship between saturation degree and expressing the
two coefficients, k, and k, respectively, by a constant value are
reasonable approximations within the framework of the present
model.

Eventually, the free volumetric ASR strain is given by:

0 X1 (4)

with =€ (t, 0) is the free chemical expansion.

2.2 Chemical kinetics

The macroscopic phenomena of ASR are modelled within the
framework of the porous continua theory, extended to reactive
partially saturated porous media [9]. Then, in order to take into
account the diffusion conditions as the alkaline reaction develops, as
well as accurately representing the sigmoidal chemical expansion-
time curve, the model was calibrated on the basis of the extensive
and rigorous experimental campaign published in [1].

It follows that the ASR strain-induced can be represented as:

1—exp(—tj
X ‘CC .

€ =g, ; ;
+
T+exp SRt
Tc

From Equation (5) the chemical expansion can be represented
through three parameters, namely, € which is the asymptotic
volumetric expansion strain in the stress-free experiment, together

(5)
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with the characteristic time t_ and the latency time t, of ASR
swelling.

The previous formulation may also be extended to the case of
structures affected by Delayed Ettringite Formation — DEF, see
for instance [7, 8]. However, the difference lays in the asymptotic
volumetric expansion strain; in case of ASR € is a constant
parameter, deduced from experimental tests and depends on the
type of concrete, whereas in case of DEF €_=¢_(x) is a field variable
that depends on the thermal history. In order to take into account
this strong dependance the following model, based on experimental
work by [10], has been proposed in [6, 7]:

0 )
if <0, @t

tm
e.=af eﬁf* o] 70500 ©)

with o is a parameter which accounts for material properties
influencing swelling development (cement, aggregates ...), 0,,. is
the temperature threshold above which DEF occurs, £ is the
activation energy, R is the universal gas constant and t_is the

maturation time.

An alternative formulation can be found in [11, 12]. In any case,
during the mechanical analysis, the field &_(x) is known, which plays
a key role in the design of the algorithm.

In the case of constant or monotonically increasing temperature
and humidity chemical strain can be expressed by Equation (5). In
the case of variable temperature and humidity, characterised even
by decreasing functions, the expansion should take into account its
irreversibility during time. Within the continuum thermodynamic
framework, developing the formulations presented in [1, 2], it can
be deduced that the swelling evolution equation can be expressed
as follows:

n I I
|:‘CC aw[HeTC st +[e7c ]a"z {e{%e“ Hax =g,°. (7

2.21 Temperature dependance

—

In endothermic reactions, an increase in temperature normally
increases the speed of reaction since the energy added to the system
allows an easiest combination of reactive ions. This physical result
is reinforced, for alkaline reactions, by the way in which accelerated
testing is carried out, i.e., high storage temperatures are used in
order to accelerate the development of chemical reactions over a
period of months, rather than years, time typically needed for AAR
to develop within the concrete of structures exposed to the natural
environment, [4, 13].

The reaction kinetics are highly dependent on temperature,
particularly it has been experimentally demonstrated that
temperature dependance of time constants t_ and t, matching the
Arrhenius equation:

e (0) = (0, )exp| Ue (176-1/6,) | 8)
.(0)=".(0, )exp[ U, (1/6-1/6,) 9)
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0, is the reference temperature of expansion test, U_and U, are the
activation energy constants which cause the thermo-activation of
the characteristic and latent times respectively.
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Figure 1 Free expansion from Larive’s tests; [1]

2.2.2 Variable moisture conditions

Water plays a dual role in the development of ASR: on the one hand,
it acts as a carrier for the alkali and hydroxyl ions, allowing the
reaction to progress; on the other hand, it is absorbed by the alkali-
silica gel which swells, generating the pressure required to crack the
concrete [14]. It is widely recognised that below a threshold value
of relative humidity (RH = 80-85 %) ASR does not occur, [1, 15],
and that above this value the expansion increases exponentially,
Figure 2.
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Figure 2  Influence of environmental conditions on chemical

expansion: Effect of relative humidity, [16]

Experimental concrete affected by ASR also shows a significant
dependence between free expansion and variable moisture
conditions, [17-21].

In order to simulate the dependence of ASR on humidity, and more
generally on environmental conditions, mathematical models have
been proposed in literature, which take into account the humidity
either by reduction functions, [22], or altering the kinetic laws,
[20, 21, 23].

80

Within this framework, an alternative model able to take into
account variable humidity conditions is proposed. In order to
capture the moisture effect on the chemical evolution, we use the

concept of effective time ¢, introduced in [24, 25], such as:

Ly =ty (Set) €[0.7] (10)
Now, if S, , - denotes the degree of saturation for which the reaction
occurs, we have that:
SX =0 If SR <SR,thrs (11)
éx >O If SR ZSR,thrs

Where £* is the chemical strain due to ASR, and in the case of
constant or monotonically increasing temperature and humidity can
be expressed by Equation (5).

The following is a possible option for embedding humidity
dependence in chemical evolution equation:

tor :I[[M]mdt (‘] 2)

0 - SR,thrs

where m is a parameter that depends on the degree of saturation
and (), denotes the positive part. Furthermore, and besides on the
above features, if the final expansion amplitude depends on the level
of saturation too, a possible choice to link could be:

gw(gk):gw(gmo).(wjmw (13)

- SR,thrs

where m_ is a material parameter that can be identified from free
expansion tests carried out at different degree of saturation.

2.3 Visco-elastic behaviour

E TE/w, TE/w,

co eMyg N e

Figure 3 One-dimensional viscoelastic rheological model.
In this framework, creep strain gff) is treated as an internal variable,

and can be composed of as many contributions as necessary as
follows:

i
9= Za,(c) (14)

Where the / = 1,...[ hidden variables a,(c) characterize viscoelastic
processes with corresponding relaxation times t, [0, + o],/ =1,...L.
The way all these internal variables evolve is motivated by the
generalized Kelvin-Voigt rheological model, Figure 3. In this case, the
complementary evolution equations that govern the creep strain
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components are given by (for further information see [26]):

i
AENALENNCINCE of (B

T T J=1j#

(15)

ZﬁNZ(S—S(T)—S(H)—S(X)), i=1,...l

T
where @, i =1, ...l are material parameters. Here N is the fourth-
order tensor which depends solely on the Poisson’s ratio v. In Voigt
engineering notation, it is given by:

1 \% v l-v

N ) o

2.4 Constitutive equations and mechanical
equilibrium

In the case of a linear elastic relationship for reversible material

behaviour, the constitutive relationship can be expressed as follows:

o=C:(—s") &) )~ —&") (17)

where ¢ is the stress tensor, C is the fourth-order elasticity tensor
within which a damage mechanism can be introduced as:

C=(1-dy)Cy (18)

where C is the elastic modulus for the undamaged concrete and d,
is a damage variable in the sense of continuum damage mechanics.
Indeed, the latter can be related to the chemical expansion explicitly
as a function of the quantity g™as follows [7]:

dy :1—exp[—[3<s(x) —am>+} (19)

where g, is the strain-like chemical damage threshold, and B > 0 is
a parameter that determines chemical damage occurrence, i.e. for 8
no swelling damage occurs.

2.5 Outlines of the F.E. approximation

2.51 Variational formulation

If we consider the weak form of mechanical equilibrium, without
taking into account the effects of creep or plasticity, then we will
have at the actual time ¢ :

LV‘BU G VU, dV =G (Bu) +
(20)
+J.BV56u G :(s;+1 +efl +ek, )dV

Which must hold for any variation of displacements du, and where

V* is the symmetric gradient operator. Here Ggijis a shorthand
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notation for the virtual work of the external loads embedding both
of the volumetric forces in the body B and traction forces on part of
its boundary 8, B — 8B applied at time t .. Equation (20) is to be
solved for the actual displacement fieldu_ ..
The evaluation of the swelling strain &2,, in Equation (20) is carried
out through the concept of effective time ¢, which is updated
locally at each time step as:

M1
I,e/'f tﬁff +[<SR,/7+1 5R,thrs>} At (2‘])

=
- R thrs

Where A =t —t is the real time increment, and m__ is evaluated
at the saturation degree value S, . Consequently, the effective time
is treated as an internal field variable; t =t/ (x,t), i.e. within the
finite element method the storage is performed at the Gauss points
level.

2.5.2 lterative resolution procedure

In order to extend the use of Equation (20) to non-linear phenomena,
such as creep, plastic behaviour, damage mechanics, among others,
its resolution is based on an iterative resolution. Hence, assuming a
known state u__ at time t , one then solves iteratively the following
linearized form for the increment of the displacement field:

s L~ Rvd __ ex 5Qp e )
[ v°8u:C,..:v* (Au)aV =G (8u)-[ V'du:ol) dv (22)
Where, initially for /=0, chE =0, . The right-hand side in Equation
(22) constitutes the residual of the mechanical balance that is used

to test the convergence of the iterative process, and G is the
tangent modulus, whether algorithmic or continuous, computed as:

¢ =2m (23)

Equation (22) is solved together with the appended local evolution
equations to update the set of internal variables, i.e. plasticity
and/or creep and/or damage. At the end of each global iteration, the
displacement field is updated as:

ul =ul) +Au (24)

n+1

3  Numerical examples

In this section, two numerical examples are presented within
the framework of the finite element method. The first one shows
the coupling between creep and expansion of a concrete sample,
while the second one shows the structural effects of internal
reinforcement.

31  Basic creep coupled to ISR

It is well known that creep plays a dominant role in the long terms
response of concrete structures subjected to constant loads. It
is suspected that under swelling due to chemical reaction, the
coupling with creep can be more evident. In this first example,
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we consider cylindrical samples submitted to two levels of axial
compressive stress, with uniform relative humidity; one under the
swelling threshold where only basic creep takes place, and one at
complete saturation where /SR is full evolving. More precisely, the
following four computations are considered:

i) Axial compressive stress at 10 MPa, with and without /SR;
i) Axial compressive stress at 20 MPa, with and without /SR.

For the concrete, we use £ = 20.5 GPa for the Young’s modulus, and
v =0.2 for the Poisson’s ratio. For the chemical expansion we choose
the parameters:

g,=0.4%,1.=70days,and 1, =0,
And for the basic creep, we use only one mechanism with parameters:
o,=15and 1, =150 days.

Figure 4 shows the four curves. One can see that, from these
computations, the expansion due to /SR shows a decrease due to the
compressive stress.

0 T T T T T T
: axial 10 MPa. - with ISR ===
axial L0 MPa-no ISR *++
axial 20 MPa - with ISR me—

0.05 [SOTRNS SRR A axial 20 MPa -no ISR ++++++

Longitudinal sirains (%}

400

Time (day)

Figure 4  Creep simulations: longitudinal strain evolution for the
different compression levels

3.2 Effect of internal reinforcement

This second example is inspired by a JCI-benchmark example carried
out on alkali-aggregate expansion experiments, see for example
[27]. Here cylindrical specimens have been considered instead of
prismatic ones. They have been constrained uniaxially as shown in
Figure 5. Rigid plates on the samples’ ends are linked by a steel rebar.
Three cases are considered in this set of examples:

i) arebar of diameter 6 mm that corresponds to a reinforcement
ratio of 0.22%;
i) arebarof diameter 12 mm that corresponds to a reinforcement
ratio of 0.88%;
iii) arebarof diameter 18 mm that corresponds to a reinforcement
ratio of 1.99%.
For the sound concrete, we use £ = 25 GPa for the Young’s modulus,
and v = 0.2 for the Poisson’s ratio. For the chemical expansion we
choose the parameters:
g,=0.7%, 1t =40 days,and 1 = 0.
Under fully saturated hydric conditions, the concrete “free”
expansion is shown in Figure 5, red curve. Notice that as constant
thermo-hydric conditions are considered in all that follows, there
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is no need to specify the values of the parameters k, and k; for the
thermo-hydric strains.

For the steel rebars, we consider an elastic-perfectly plastic
constitutive relation with the von Mises yield criterion. The
parameters we choose are:

E; =210 GPa, v, = 0.2, and yield stress 6 = 550 MPa.

Concrete

Rigid plates

Figure 5 Expansion specimen with a steel rebar

The problem has been discretized by using an axisymmetric analysis.
Figure 6 shows the evolution of the mean longitudinal strain within
the concrete specimens for the above mentioned reinforcement
ratios and for an unreinforced concrete (red curve), which correspond
to a free-expansion.

For the measured longitudinal strains on reinforced and unreinforced
specimens, it has been observed that for the highest reinforcement
ratio (here with 1.99%, green curve), the elastic strain limit is not
reached within the steel rebar. This is not the case for the remaining
reinforcement ratios (0.88% and 0.22% ratios, respectively, blue
and black curves), where, according to the stress-strain relationship
considered, the reinforcements are such that plastic yield stress has
been reached in the rebars.

08 = Tsound concrete ——— T 3"‘
0.22% steel ratio
0.7 {—--|0.88% steel ratio ———|-- === = oo m o —
1.99% steel ratio
2 o6 [ : i
B 05 e T e T T —
] . |
B By
g . |
5 ! |
ERENE : A
S i ;
5
o L i i |
0 50 100 150 200
Time (days)
Figure 6 Longitudinal expansions evolutions for the different steel

ratios

4  Conclusion and perspectives

In the present study, a numerical tool has been developed for
modelling /SR under variable environmental conditions.

The swelling development has been formulated within the framework
of continuous thermodynamics, which also allows irreversible
phenomena to be taken into account. Both temperature and relative
humidity play a key role in the development of /SR. In the present
model, the concept of “effective time” has been introduced into the
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swelling kinetic law to account for variable humidity, instead, the
dependence on past and present temperature are included within
the two time constants of the reaction, the characteristic and
latency time.

In order to perform efficient structural calculations, the model
covers different mechanisms observable in concrete including creep,
drying shrinkage, thermal dilatation and plastic behaviour. Viscous
phenomena have been modelled through a generalised Kelvin-Voigt
rheological model to formulate the whole behaviour. Long-term and
short-term relaxation processes can be integrated into the model by
means of all necessary viscoelastic processes.

The effectiveness of this model has been demonstrated in two
numerical examples. The first focuses on the analysis of coupling
between creep and /SR, while the second example investigates the
swelling strain due to ASR/DEF over time in reinforced concrete
specimens. The numerical results highlighted the relevance of taking
into account the interaction between these phenomena when
formulating a numerical model to predict the evolution of strain
swelling.

Future work will focus on investigating the correlation between
visible damage and cracking on the facing and the internal physical
and structural state of an affected structure. This will contribute to
enhanced structural analysis of existing structures such as bridges,
dams, nuclear power plants, affected by ISR.
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